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Abstract. We propose a manifestly covariant canonical method of field quantization based on the classical
De Donder—Weyl covariant canonical formulation of field theory. Owing to covariance, the space and time
arguments of fields are treated on an equal footing. To achieve both covariance and consistency with
standard non-covariant canonical quantization of fields in Minkowski spacetime, it is necessary to adopt
a covariant Bohmian formulation of quantum field theory. A preferred foliation of spacetime emerges
dynamically owing to a purely quantum effect. The application to a simple time-reparametrization invariant
system and quantum gravity is discussed and compared with the conventional non-covariant Wheeler—

DeWitt approach.
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1 Introduction

One of the main open problems of modern theoretical
physics is how to combine the principle of quantum me-
chanics with the principle of general relativity. One as-
pect of this problem — the existence of non-renormalizable
infinities in perturbative quantum gravity — seems to
be solved by two major approaches to quantum gravity,
namely, by string theory [1] and by loop quantum gravity
[2-4]. Nevertheless, neither of these two approaches fully
incorporates the principle of general relativity. String the-
ory is a perturbative approach depending on the choice of
the background metric, while loop quantum gravity is a
canonical approach that does not treat time on an equal
footing with space. There are attempts to solve these prob-
lems by introducing a background-independent M-theory
for strings [5] or a spacetime spinfoam formalism for loops
[4], but these attempts are not yet fully successful.

An alternative, in a sense more conservative approach
is to try to modify the usual canonical quantization rules
for fields (where time plays a special role) by introduc-
ing covariant canonical quantization rules. In fact, sev-
eral classical covariant canonical formalisms are already
known, such as the covariant phase space formalism [6,
7] and various versions of the multimomenta formalism
(see, e.g., [8-10] and references therein). Unfortunately, a
satisfying method of quantization based on some of these
classical formalisms is still not known. Perhaps, the most
towards covariant canonical quantization of fields has been
done in [11], where a method of quantization of the clas-
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sical De Donder—Weyl covariant canonical formalism has
been proposed. (For the application to quantum gravity,
see [12].) However, this proposal suffers from two prob-
lems. First, the quantum formalism introduces a new fun-
damental dimensional constant, the physical meaning of
which is not completely clear. Second, the theory is able to
describe the usual time—-space asymmetric wave-functional
states W([p(x)],t), but only if ¥([¢p(x)],t) is a product
state of the form [[, ¥ (¢(x),z,t). The aim of this paper
is to propose a different method of quantization based on
the classical De Donder—Weyl formalism, such that the
problems of the approach of [11] are avoided.

Before starting with the De Donder—Weyl formalism,
let us give a few additional qualitative remarks on possi-
bilities for covariant quantization. The classical covariant
phase space method [6,7] rests on the existence of space
of classical solutions to the equations of motion. However,
in the conventional formulation of quantum field theory,
it is not clear what might play the role of an analog of
classical solutions. On the other hand, in the determinis-
tic Bohmian formulation of quantum field theory [13-16],
such an analog exists. This suggests that the Bohmian for-
mulation might be a basis for a covariant formulation of
quantum field theory. In fact, among various equivalent
formulations of non-relativistic quantum mechanics [17],
the Bohmian formulation is conceptually the one most
similar to classical physics, which again suggests that well-
understood classical covariant theories might be covari-
antly quantized most easily by using the Bohmian for-
mulation. Finally, since space and time should play equal
roles in a covariant quantum field theory, in general, one
might expect wave functionals of the form ¥ ([¢(z)], z) in-
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stead of the usual time—space asymmetric wave function-
als ([¢(x)],t). This implies that time-dependent fields
o(x) = ¢(x, t) should play a role in a covariant approach,
which might be related to the Bohmian formulation that
assigns a deterministic time evolution to the field ¢(x,t).

Of course, the arguments above have only a heuris-
tic value and are not sufficiently convincing by them-
selves. However, in the present paper, the heuristic ar-
guments above are turned into much stronger and more
convincing arguments. In contrast to the usual approaches
to Bohmian mechanics, the Bohmian formulation is not
postulated for interpretational purposes, but derived from
the purely technical requirements — covariance and consis-
tency with standard quantum field theory. In this way, a
covariant version of Bohmian mechanics emerges automat-
ically, as a part of the formalism without which the theory
cannot be formulated consistently. This, together with the
results of [18,19] related to relativistic first quantization,
suggests that it is Bohmian mechanics that might be the
missing bridge between quantum mechanics and relativity.
In addition, we also note that the Bohmian interpretation
might play an important role for quantum cosmology [20—
24] and non-commutative theories [25].

This paper is organized as follows. Section 2 contains
two subsections, one presenting a short review of the
classical covariant canonical De Donder—Weyl formalism,
while the other presenting a short review of the Bohmian
formulation of the conventional canonical field quantiza-
tion. For simplicity, the results are presented for a real
scalar field in flat spacetime. The central section, Sect. 3,
combines the results presented in Sect.2 to formulate a
covariant canonical quantum formalism consistent with
the conventional canonical quantization of fields in flat
spacetime. Section 4 contains generalizations that include
a larger number of fields and curved spacetime. In Sect. 5,
the formalism is applied to a simple toy model with time-
reparametrization invariance, as well as to quantum grav-
ity. The discussion of our results is presented in the final
section, Sect. 6.

In the paper, we use the units such that the veloc-
ity of light is ¢ = 1, while the signature of the metric is

(+v T T 7)'

2 Preliminaries
2.1 Classical De Donder—Weyl formalism

In this subsection we briefly review the classical covariant
canonical De Donder—Weyl formalism. (For more details,
we refer the reader to [8,26] and references therein.) For
simplicity, we present the formalism for one real scalar
field in Minkowski spacetime, while the generalizations are
discussed in Sect. 4.

Let ¢(x) be a real scalar field described by the action

A:/&M, (1)

where

L= J(0°6)(0,6) ~ V(9). 2
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The corresponding covariant canonical momentum is
given by the 4-vector

oL
7'('“’ = — = a/"/ . 3
70n0) ¢ (3)
The covariant canonical equations of motion are
OH OH
= — W= _ " 4
au¢ Onh’ 8;177 By , ( )

where the scalar De Donder-Weyl Hamiltonian (not re-
lated to the energy density!) is given by the Legendre
transform

H(rn*, @) =0 — L
1
= 5”””# + V. (5)
Equations (4) are equivalent to the standard Euler—
Lagrange equations of motion. By introducing the local

vector S*(¢(x), x), the dynamics can also be described by
the covariant De Donder—Weyl Hamilton—Jacobi equation

0S5“
- B
H<a¢,¢)+8#5 0, (6)
together with the equation of motion
as*
“ — H = —_—
otp=m 96 (7)

Note that in (6), 9, is the partial derivative acting only
on the second argument of S#(¢p(x), z). The corresponding
total derivative is given by

0
%.

Note also that (6) is a single equation for four quantities
S*. Consequently, there is a lot of freedom in finding solu-
tions to (6). Nevertheless, the theory is equivalent to other
formulations of classical field theory.

Now, following [11], we consider the relation between
the covariant Hamilton—Jacobi equation (6) and the con-
ventional Hamilton—Jacobi equation. The latter can be de-
rived from the former in the following way. Using (5), (6)
takes the explicit form

195, 95"

el wo_—
396 g HV oS =0. (9)

du = ap, + (8u¢) (8)

Using the equation of motion (7), we write the first term
in (9) as

105,08 108°98° 1 .

(10)
where ¢ = 1,2, 3 are the space indices. Similarly, using (7)

and (8), we write the last term in (9) as

0,8" = 0pS° + d;S" — (9;¢)(0"¢). (11)
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Now introduce the quantity

S = /d?’:vSO, (12)
so that
08 (¢(x),x) _ 8S([g(x, 1)), 1) (13)
where S S
8¢(m;t) 8(®) | g ()=p(a.t) "

is the space functional derivative. Thus, putting (10), (11),
and (13) into (9) and integrating the resulting equation
over d°x, we obtain

/d3 [1 <6¢ (x; t)>2+;(v¢)2+V(¢)l 48,8 =

(15)
which is the standard non-covariant Hamilton—Jacobi
equation (written for the time-dependent field ¢(x,t)).
The time evolution of the field ¢(x,t) is given by

38
O (a; 1)’

which is a consequence of the time component of (7). Note
that in deriving (15) from (9), it was necessary to use the
space part of the equations of motion (7). Whereas this
fact does not play an important role in classical physics, it
has far reaching consequences in the quantum case studied
in Sect. 3.

Orp(x,t) =

(16)

2.2 Bohmian formulation of quantum field theory

Quantum field theory can be formulated in the functional
Schrodinger picture as

= iho:Y, (17)
where, for the real scalar field ¢,
5 &\ 1
ir= [ [ % (5 ) +30er+v)|. 08)
By writing
U([p(@)], 1) = R([$(x)), 1) O@LO/MR - (19)

where R and S are real functionals, one finds that the
complex equation (17) is equivalent to a set of two real
equations

2
/d3 [1 (85&9)) +%(V¢)2+V(¢) +Q| +0:S
=0, (20)
5 | SR &S _
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where )
h* O°R
R &S
= 5wy 2
Equation (21) is also equivalent to
) o 0S
a7z2+/d5 <R2 >_0. 24
t “So(@) \* 5o(a) (34

Equation (24) represents the unitarity of the theory, be-

cause it provides a norm
v~ [lao(@) R

[las(@)

that does not depend on time. The quantity R?([¢(z)], 1)
represents the probability density for fields to have the
configuration ¢(x) at time t. Instead of starting with (17),
one can equivalently take (20) and (21) as the starting
point for quantization of fields. In addition, since ¥ must
be a single-valued quantity, in the approach based on
(20) and (21) one must require that the quantity expiS/h
should be single valued.

Equations (20) and (24) also suggest an interesting
interpretation, known as the Bohmian interpretation of
quantum field theory [13-16]. The interpretation consists
in the assumption that quantum fields have a determin-
istic time evolution given by the classical equation (16).
Remarkably, the statistical predictions of this determin-
istic interpretation are equivalent to those of the conven-
tional interpretation. In the deterministic interpretation,
all quantum uncertainties are a consequence of the igno-
rance of the actual initial field configuration ¢(x,ty). The
main reason for the consistency of this interpretation is the
fact that (24) with (16) represents the continuity equation,
which provides that the statistical distribution p([¢(x)],t)
of field configurations ¢(x) is given by the quantum distri-
bution p = R? at any time ¢, provided that p is given by
R? at some initial time ¢o. The initial distribution is arbi-
trary in principle, but a quantum H-theorem [27] explains
why the quantum distribution is the most probable.

Comparing (20) with (15), we see that the quantum
field satisfies an equation similar to the classical one, ex-
cept for an additional quantum force resulting from the
non-local quantum potential Q. (The non-locality implies
that the Bohmian hidden variable theory, with ¢(x,t) be-
ing the hidden variable, is not in contradiction with the
Bell theorem that asserts that local hidden variables can-
not be consistent with quantum mechanics.) The quantum
equation of motion turns out to be

"0, + W (9) + 89 =0,
99 dg(x;t)
where Q = [d3z Q. The last term represents the devia-
tion from the classical equation of motion.
The Bohmian interpretation may seem appealing to
some, while others find it unattractive. An appealing fea-
ture is an explanation of the notorious “wave function

(25)

(26)
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collapse”. An unattractive feature is the fact that the
Bohmian interpretation is not covariant and requires the
existence of a preferred Lorentz frame not determined by
the theory, despite the fact that the statistical predictions
obtained by averaging over hidden variables are Lorentz
invariant [15]. However, at this level, nothing forces us
to adopt this interpretation, just as nothing prevents us
from adopting it. Adopting or rejecting this interpreta-
tion is more like a matter of taste. As we shall see in the
next section, in the manifestly covariant formulation of
quantum field theory based on the De Donder—Weyl for-
malism, the situation is quite different. There, one must
adopt a covariant version of the Bohmian equations of mo-
tion, because otherwise one cannot retain both covariance
and consistency with the standard canonical quantization
in Minkowski spacetime.

3 Covariant canonical quantization

Our basic idea for covariant canonical quantization is to
find a quantum substitute for the classical covariant De
Donder—Weyl Hamilton—Jacobi equation (9). For this pur-
pose, we first formulate the classical De Donder—Weyl the-
ory in a slightly different, more general way. Let A([¢], x)
be a functional of ¢(z) and a function of z. We define the
derivative

A(9) ) _ [ 4,840 2)
do(x) */ d dp(x)

where §/8¢(z) is the spacetime functional derivative (not
the space functional derivative in (14)). In particular, if
A([¢], x) is alocal functional, i.e., if A([¢], x) = A(¢p(x), x),
then

dA(¢(x), x) _ /d4x’8A(¢(I/)’I/) _ 0A(d(z),x)
do(z) d¢(z) 9¢(x) (.28)

Thus we see that the derivative d/d¢ is a generalization of
the ordinary partial derivative 9/9¢, such that its action
on non-local functionals is also well defined. An example
of particular interest is a functional non-local in space but
local in time, so that

8A([¢], 2") _

(27)

8A([¢], 2')

x/O _ :L‘O
dp(z)  Bp(z;a0) 3( ) (29)
In this case, one can write
aAQLs) 8 [
do(z)  op(z;20) /d A([g), 2, 2. (30)

Being equiped with these mathematical tools, we can write
(9) as
1dS, ds*
——— 4+ V40,5 =0,
2dp dp o
which is the form appropriate for the quantum modifica-
tion. Similarly, the classical equations of motion (7) can
be written as

(31)

mn
gy 95"

W (32)
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Now we are ready to propose a method of quantiza-
tion that combines the classical covariant canonical De
Donder—-Weyl formalism with the standard time-space
asymmetric canonical quantization of fields. Our starting
point is the relation between the non-covariant classical
Hamilton—Jacobi equation (15) and its quantum analog
(20). Suppressing the time dependence of the field in (15),
we see that they differ only in the existence of the Q-term
in the quantum case. This suggests us to postulate the fol-
lowing quantum analog of the classical covariant equation
(31):

1dS, ds* 0

2 dp do +V+Q+09.,5"=0.
Here S* = S#([¢],x) is a functional (not merely a func-
tion) of ¢(x). This means that S* at z may depend
on the field ¢(z') at all points 2’. Such spacetime non-
localities absent in classical physics are expected in quan-
tum physics. Indeed, space non-localities appear in the
conventional time-space asymmetric quantum field the-
ory. Here, for the sake of covariance, we also allow for
time non-localities (see also [19]). Thus (33) is manifestly
covariant, provided that @ given by (22) can be written
in a covariant form. The quantum equation (33) must
be consistent with the conventional quantum equation
(20). Indeed, by using a similar procedure to that used
to show that (9) implies (15), one can show that (33) im-
plies (20), provided that some additional conditions are
fulfilled. First, S° must be local in time, so that (30) for
A = S% can be used (compare with (13)). Second, S must
be completely local, so that dS?/d¢ = 9S?/0¢, which im-
plies

(33)

K3
d;S* = 0;5" + (8@)%
(compare with (8)). However, just as in the classical case,
in this procedure it is necessary to use the space part of the
equations of motion (7). Therefore, these classical equa-
tions of motion must be valid even in the quantum case.
Since we want a covariant theory in which space and time
play equal roles, the validity of the space part of the equa-
tions of motion (7) implies that their time part should also
be valid. Consequently, in the covariant quantum theory
based on the De Donder—Weyl formalism, one must re-
quire the validity of (32). This requirement is nothing but
a covariant version of the Bohmian equation of motion,
written for an arbitrarily non-local S*. (Note that, in or-
der to achieve the consistency of the De Donder—Weyl
quantization with the conventional quantization, the space
part of the classical equations of motion has also been used
in the approach of [11]. However, in that paper, the phys-
ical consequences of this fact have not been recognized.)
The next step is to find a covariant substitute for (21).
For this purpose, we introduce a vector R*([¢], ). The
vector field R* can be viewed as generating a preferred
foliation of spacetime, such that, in this foliation, the vec-
tor R* is normal to the leafs of that foliation. This allows
us to introduce the quantity

(34)

R(4), 5) = L a5, RY, (35)



H. Nikoli¢: Covariant canonical quantization of fields and Bohmian mechanics

where X is a leaf (a 3-dimensional hypersurface) generated
by R*. Similarly, a covariant version of (12) reads

(mwm:/d&w,

X

(36)

where X' is generated by R* again. Consequenly, the co-
variant version of (19) reads

7([¢], £) = R([g], X)eS11-2)/0, (37)
For R* we postulate the equation
dR* dS), u_

In this way, a preferred foliation emerges dynamically, as
a foliation generated by the solution R* of (38) and (33).
Note that R* does not play any role in classical physics, so
the existence of a preferred foliation is a purely quantum
effect. Now the relation between (38) and (21) is obtained
by assuming that nature has chosen a solution of the form
RF = (R,0,0,0), where R is local in time. In this case,
by integrating (38) over d®z and assuming again that S°
is local in time, one obtains (21). Thus we see that (38) is
a covariant substitute for (21).

It remains to write covariant versions of (22) and (23).
They are simply

B &R
) )
R &S
T neay .

where 8/8x¢(x) is a version of (14) in which X' is gener-
ated by R*. Here X' depends on z (the point x is an ele-
ment of X) and X' is kept fixed in the variation dx¢(x).
Thus, (38) with (40) and (33) with (39) represent a co-
variant substitute for the functional Schrédinger equation
(17) equivalent to (21) with (23) and (20) with (22).

The covariant Bohmian equations (32) imply a covari-
ant version of (26)

ov  dQ
o*o — 4+ —== 41
Since the last term can also be written as

8 ([d*zQ) /8¢(x), the equation of motion (41) can
be obtained by varying the quantum action

Ag = /d4ch = /d4x(£ - Q). (42)

To summarize, our covariant canonical quantization of
fields is given by (33), (38), (39), (40), and (32). The con-
ventional functional Schrodinger equation corresponds to
a special class of solutions of (33), (38), (39) and (40), for
which R? = 0, S? are local, while R? and S° are local in
time.
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4 Generalizations

In this section we generalize the results obtained so far to
include the cases of a larger number of fields, as well as the
case of curved spacetime (that may be either a background
spacetime or a dynamical spacetime).

Let ¢(z) = {¢a(x)} be a collection of fields. We study
a classical action (1), with £ taking the form

£:§wwmmwm@mmm%> (43)

+Fal‘«(¢7 x)alt¢a - V(¢a ZL')

In particular, G F® and V are proportional to |g|*/?,
where g is the determinant of the metric tensor g,,,. Thus
the factor |g|*/? is included in the definition of £, which
makes the application of canonical methods easier. (The
price we pay is that the general covariance is slightly less
manifest.) We also introduce the quantity G,; defined by
GG = &C. (44)
Thus Ggp is the matrix inverse to GP. (For the case in
which the inverse does not exist, see below.) This allows
us to consistently raise and lower the indices a, b with G
and Gyp, respectively. Since G o |g|'/2, we see that if
O0u®a is a tensor, then 0#¢* is a tensor density.
Now the canonical momenta are

oL
T = ——— = Mo + M| 45
5(0ue) 1)
while the De Donder—-Weyl Hamiltonian is
H=n"0,¢q — L (46)

= 3(0"6")(Buda) +V

1 1
= -m%ng, — Ty, + - FH

Fo,+V
2 2 wt

The corresponding covariant canonical equations of mo-
tion are

oH
au¢a = aﬂTM = Tap — Fa;m (47)
Dty — —Gab(% = _0H. (48)

Here 9, = Ggp0® # 0°Gap, because Ggp, depends on ¢.
The covariant Hamilton—Jacobi equations are

- gg: — guse, (49)
S (0°5)(0u5,) — Fup"S¥ + LF¥ Foyy 4V 4 0,5"
= 0. (50)
The total derivative is
d, =0, + (0u0a)0" (51)

It is instructive to show explicitly that (50) is general
covariant. It is not difficult to see that each term in (50)
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is proportional to |g|'/2, i.e., that the left-hand side is

a scalar density. In particular, S* is a vector density, so
we write S# = |g|*/2S*, where S* is a vector. To obtain
a scalar equation, we multiply the whole equation with
|g|=*/2. The last term becomes |g|~*/29,,(|g|*/2S*), which
is nothing but the covariant derivative VHS’ #. In a similar
way, one can show that all other equations of this section
are also generally covariant.

The general covariant generalization of the derivative
(27) depends on the tensor nature of A. In our case A is
a vector density A*, so (27) naturally generalizes to

dA“([qb], _ eh(x 105 5A”([¢] )
d6(z) Jala |1/2/d So(x)

Here ek is the tetrad satisfying ebe® = gt
an index in the internal SO(1,3) group.
Now the quantization is straightforward. In (50), one

(52)

, where & is

replaces the derivative 9% with the derivative d* = d/d¢,
and adds the @Q-term. The quantum potential is
8 )
=———Gu—R. 53
@ 2R Ssda " Sxoy (53)
Equation (38) generalizes to
(d*R")(daSy) — Fapd®RM 4+ J 4+ 0,R" = 0, (54)
where R 55
J=—c— |Gz — Four" ), 55
2 3xda ( e wr ) (55)

and 7 = R*/(R*Ry)'/?. The particular orderings in (53)
and (55) are chosen so that they lead to a Schrédinger
equation with a hermitian Hamilton operator. Equa-
tions (35) and (36) now take the manifestly covariant form

R(¢], ) = /Z ds, i, (56)

S(6.%) = [ a5, (57
b

where S and R* = R*/|g|'/? are vectors. The wave func-

tional is again given by (37) and the Bohmian equations

of motion
Ouba = daSy — F. (58)

are equivalent to the equations obtained by varying the
quantum action (42).

The formalism can be further generalized to the case in
which G g in (43) is replaced with a more general quan-
tity of the form G®*¥. This, of course, does not present
any problem for the classical formalism. The quantum
equation (54) generalizes to

dRrr ds”
P A, Ay

dR*
d¢q

where Gy is the inverse of G in the sense that

G

- Gab,ul/FbV

+J+0,R* =0, (59)

GV Gy, = 5781 (60)
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The generalization of (53) and (55) consists in the replace-
ment of Ggp in (53) and (55) with el

b » Where

szrb) = Gappr"r”. (61)
By considering the case R* = (RP,0,0,0), it is easy to
see that this generalization leads to the usual Schrodinger
equation.

In some cases, such as gauge theories, the inverse of
G does not exist. In such cases, one can define G***
and its inverse Gy by introducing a gauge fixing term
or by using other tricks [8,28,29].

Our formalism leads to particularly interesting conse-
quences when applied to quantum gravity and other the-
ories with reparametrization invariance. We study this in
more detail in the next section.

5 Reparametrization-invariant theories
5.1 A toy model

Consider a system with two degrees of freedom ¢1(¢) and
¢2(t). Let the action be given by

_ /dtL: /dw2 lQ&Q)Q

where the dot denotes the time derivative d;. The ac-
tion is invariant with respect to time reparametrizations
t — t'(t), g2 = ¢h = (dt/dt')p2. As is well known, such
theories lead to a Hamiltonian constraint and thus serve
as toy models instructive for an easier understanding of
some of the peculiar properties of classical and quantum
gravity [30,31]. Here we study this model by using the
Hamilton—Jacobi formalism. Since there is no space (but
only time) in this model, the De Donder-Weyl canonical
formalism is identical to the conventional classical canon-
ical formalism.
The canonical momenta are

~V(en)|, (62)

1:ai=ﬁ, wZZa—L:o. (63)
op1 P2 02
Since 72 = 0, the Hamiltonian is
. 1 2 ~
Hw1¢1L¢2((”2) +v>. (64)

The Hamilton—Jacobi formalism is given by the equations
of motion

,_ 08 4 5 98
dp1 ¢’ 02

together with the Hamilton—Jacobi equation

1/0S\? -
¢2[2<%> +V

—0, (65)

+8,85=0 (66)
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From the second equation in (65), we see that S does not
depend on ¢o. Consequently, by applying the derivative
0/0¢y to (66), one obtains

1705\ -

il el V=

2 <a¢1> *
which is nothing but the Hamiltonian constraint H = 0.
It is equivalent to the equation of motion that one obtains
by varying (62) with respect to ¢. Comparing (67) with
(66), one also finds

(67)

Applying the derivative 9/9¢; to (67), one obtains
9S 9 0S8 oV
R AL 69
961 061 061 ' 0 (99)
Using (65) and the fact that
- 0 0S8 S
gy, %2 70
1961 961 ~ 001 (70)
(69) implies
$1
dy + — 71
(@) 961 ~ .

This is nothing but the equation of motion obtained by
varying ¢; in (62).

Now consider the quantization. Following the general
method developed is Sect.4, we introduce the quantum
potential

h d’R
Q=- ¢2 FEeR (72)
and replace (66) with
1/dS\? | -
b2 lz (d%) +V|+Q+0S= (73)

Equations (65) are valid with the derivatives 9/9¢, re-
placed with d/d¢,. The conservation equation reads

d ds
2, 4 [ _
O R +d¢ (R (bg 30, ) 0. (74)
Applying the derivative d/d¢s to (73), we obtain
1/ds dQ
2(d%) +V+Q+¢2d¢ =0, (75)
where Q = $2Q. Combining (73) and (75), we obtain
aQ
— 27 —
(62 5 = 0. (76)

Equations (75) and (76) are the quantum analogs of (67)
and (68), respectively.

Now compare the results above with the conventional
method of quantization of the Hamiltonian constraint,

371

based on the Wheeler-DeWitt equation HY = 0. By writ-
ing ¥ = Rexp(iS/h), one obtains

1/ds\> - -
and
d (e dS _
d¢y <R d¢1) 0 (79)

instead of (75), (76), and (74), respectively. In particu-
lar, we see that S and R are time independent, which
corresponds to the well-known problem of time in quan-
tum gravity [31-33], consisting in the fact that the wave
function(al) ¥ does not depend on time. In our approach,
0:+S # 0 and 0;R # 0 in the general quantum case, so
there is no problem of time. However, our quantization
contains the Wheeler-DeWitt quantization as a special
case. If R is a time-independent solution, then (74) re-
duces to (79). Consequently, R may be a ¢o-independent
solution of (74). If R does not depend on ¢o, then (72)
implies dQ/d¢, = 0. Consequently, (75) and (76) reduce
o (77) and (78), respectively.

It is also instructive to show explicitly that our method
of quantization leads to the Bohmian equations of motion

that can be derived from the Lagrangian Lo = L — @, or
equivalently, from the Hamiltonian
Ho=H+Q. (80)
We have
. dHg 1
(bl = dﬂ'l = d)g’ﬂ' ) (81)
dH, oV dQ
de¢n g1 dey
. dHg
= =0 82
¢2 dn2 ) ( )
CdHg (7Y o A dQ
0=i=-—2%= v —<.
T, T e TVt ey,

The second equation in (82) is equivalent to (75). There-
fore, the only non-trivial Hamilton equation that remains
to be proved in the quantum Hamilton—Jacobi framework
is the second equation in (81). Applying the derivative
d/d¢; to (73) and using (65) and

ds . d dS  dS
0 + — 83
Y36 T a0 ae ~ “as, (%)
(compare with (70)), one obtains
dQ
it + ¢y | 53—+ — | =0, 84
t T b2 (3(;51 d¢51> (84)

which is the second equation in (81).
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Finally, note that (73) and (74) can also be derived
from the Schrodinger equation

HY = ihd,W. (85)

At first sight, this seems to be inconsistent with the clas-
sical Hamiltonian constraint H = 0. However, in the clas-
sical limit 7 — 0, (85) leads to (66), which, as we have
seen, does lead to the Hamiltonian constraint (67). Thus,
we have a remarkable result that (85) 4s consistent with
H = 0, provided that the Bohmian equation correspond-
ing to the second equation in (65) is valid.

5.2 Quantum gravity
In this subsection, we sketch the main points relevant for

the application to quantum gravity.
The classical gravitational action is

A= [ dtalgl 2,

where R is the scalar curvature. To write the Lagrangian
in a form appropriate for a canonical treatment, we write

(86)

1
|g|1/23 = 5GO‘["”&’(b"ugo(ﬁ)(ﬁygwg) + total derivative,

(87)
and ignore the total-derivative term. The quantity
GoBrydY and its inverse Gapuqysy depend on gag but not
on the derivatives of go [28,34,35].

The fields ¢, are the components of the metric gqg.
The essential property of our covariant canonical quanti-
zation is that all 10 components g,z are quantized, in con-
trast to the conventional non-covariant canonical quanti-
zation where only the space components g;; are quantized.
Following the general method developed in Sect.4, one
finds the following quantum equations:

1 ds* ds”
PR =AY dv +Q+6LS#:0, 88
2 Buy dgag dg»ys t ( )
[ r) )
= _— R 89
@ 2R 629&[5 opre Sﬂg’yﬁ ) ( )
dR¥ dSY
aBu~dy —— +J+0,R* =0, 90
By dgas dgwa © ( )
R & (r) o
J=—=c— S 91
285gas %8595 (o)
where ")
Gaﬁry& = GaﬁH,YgVT'uTV. (92)
The Bohmian equations of motion
dsH
7] gap = Ga dv 93
nYap Buy dg«ys ( )

are equivalent to the equations of motion obtained by
varying the quantum action

Ao = [ da(l - Q) (94)
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This leads to the equation of motion

1224 d
R[LV_gTR+|g|—1/2 Q =0.

95
g (95)

The potential @ is a scalar density, so we can write @ =
l9|'/2Q, where Q is a scalar. Consequently, (95) can be
written as

Q0

RHY R — = 0. 96
fae (B Q) (96)
Another suggestive form is
gul/
5 R — R* = 8rGNTH, (97)
where R
1 d@ ~
T = 2 g . 98
167Gy ( g 79 Q) (98)

Note that (97) and (98) imply that the Bohmian equa-
tions of motion are fully covariant. By contrast, if the
quantization of gravity is based on the conventional canon-
ical Wheeler-DeWitt equation that does not treat space
and time on an equal footing, then the Bohmian inter-
pretation leads to an equation similar to (97), but with a
non-covariant energy-momentum tensor of the form [36]

4Q

TV ,
dgij

T o Qg"". (99)

We also note that, similarly to the toy model studied in the
preceding subsection, the conventional Wheeler—-DeWitt
quantization corresponds to the special case in which R? =
0, S? are local, while S° and R® are functionals which are
local in time and do not depend on go,, and 29,

The functionals S* and R* (that determine also ¥) de-
scribing the quantum state are functionals of the metric
gag- However, the theory is covariant, so one expects that
physical results should not depend on the choice of coor-
dinates, but only on the 4-geometry. In other words, the
theory is expected to be invariant with respect to active
4-diffeomorphisms. At the moment, we do not know how
to incorporate this property explicitly. However, if this 4-
diffeomorphism invariance is explicitly realized, then one
expects that ultraviolet divergences should be absent [3].
Perhaps this could be realized explicitly by introducing
a time—space symmetric version of loop quantum gravity
based on the spacetime covariant Ashtekar variables [37].

6 Discussion

The theory we have proposed in this paper offers a solution
to several fundamental problems, but also raises some new
problems.

First, the theory offers a manifestly covariant method
of field quantization, based on the classical De Donder—
Weyl formalism. The method treats space and time on an
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equal footing. Unlike the conventional canonical quanti-
zation, it is not formulated in terms of a single complex
Schrédinger-like equation, but in terms of two coupled real
equations. (In such a formulation, operators and commu-
tation relations do not play any fundamental role.) Nev-
ertheless, if the solution satisfies certain additional con-
ditions, then the solution satisfies the conventional func-
tional Schrédinger equation. These conditions are R? = 0,
locality of S%, and locality in time of R® and S°. These
conditions are clearly not time—space symmetric. Since
the predictions of the Schrodinger equation in Minkowski
spacetime are in agreement with experiments, one would
like to explain why nature chooses solutions that, at least
approximately, satisfy these conditions. Our theory does
not explain that. However, in our theory, the observed
time—space asymmetry of quantum field theory becomes a
problem analogous to the observed time-space asymmetry
in cosmology (at large scales, the universe is homogeneous
and isotropic in space but not in time), or to the observed
time-space asymmetry of thermodynamics (the entropy
increases with time but not with space). Nothing prevents
solutions that obey the observed quantum, cosmological,
or thermodynamical time—space asymmetric rules, but a
compelling explanation of these rules is missing. This sug-
gests that the observed quantum time-space asymmetry
might be of the cosmological origin. Another possibility is
that our covariant quantum theory should be reformulated
such that the direction of R* fully determines the direc-
tions in which the relevant quantities are local/non-local,
but this would make the theory less elegant and perhaps
would suppress interesting non-local effects that might ex-
ist in nature. (For example, such non-local effects might
play a role for solving the black-hole information paradox.)

Second, the theory offers a solution to the problem
of time in quantum gravity. In general, in our approach
to quantum gravity, the functionals S* and R* depend on
both space and time. The corresponding wave functional ¥
depends on the hypersurface. Nevertheless, in the classical
limit, the Hamiltonian constraint is always valid. In addi-
tion, if the quantum state satisfies certain additional con-
ditions, then it satisfies the conventional Wheeler—-DeWitt
equation (with a fixed ordering of operators!).

Third, the theory offers a covariant version of Bohmian
mechanics, with time and space treated on an equal foot-
ing. The covariance of Bohmian mechanics is a direct con-
sequence of the manifest covariance of the quantization
procedure. Note that a frequent argument against the pre-
vious versions of Bohmian mechanics is their dependence
on the choice of the time coordinate, even when the predic-
tions of the conventional interpretation of quantum field
theory do not depend on this choice. In these previous ver-
sions of Bohmian mechanics, one has to choose a preferred
foliation of spacetime in a more or less ad hoc way (for a
recent interesting attempt, see [38]). In our approach, the
preferred foliation is generated dynamically by R*. This
quantity does not play any role in classical physics, so the
preferred foliation is a purely quantum effect. However,
the Bohmian equations of motion themselves have a man-
ifestly covariant form and do not depend explicitly on R¥.
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Fourth, our theory offers a new reason why one should
adopt the Bohmian interpretation. Of course, our covari-
ant method of quantization by itself, just as any other
method of quantization, does not automatically imply
the Bohmian interpretation. However, the need for the
Bohmian interpretation emerges from the requirement
that our covariant method should be consistent with the
conventional non-covariant method. Those who, for some
personal reasons, do not like the Bohmian deterministic
interpretation, may take this as a problem of our quanti-
zation method. In our view, this result (see also the heuris-
tic arguments presented in the Introduction) suggests that
Bohmian mechanics might not be just one of interpre-
tations, but a part of the formalism without which the
covariant quantum theory cannot be formulated consis-
tently. Note also that the adoption of Bohmian mechanics
automatically removes uncertainties about the interpreta-
tional issues of quantum theory.

We also note that, in general, R* does not need to
be timelike, so the preferred foliation does not need to be
a foliation into spacelike hypersurfaces. This implies that
our covariant canonical theory is able to deal even with
spacetimes that are not globally hyperbolic.

The existence of a dynamically generated preferred fo-
liation may also play an important role in semiclassical
gravity, especially for the problem of definition of parti-
cles. This is because the definition of particles in the con-
ventional semiclassical gravity depends on the choice of
time [39].

A problem we have not discussed in this paper is how
to describe fermionic fields within the covariant Bohmian
framework. In fact, a “standard” Bohmian interpretation
of fermionic fields does not yet exist even within the con-
ventional canonical quantization. However, the work on
this issue is in progress.

To conclude, we believe that the quantization based
on De Donder—Weyl covariant canonical formalism is an
interesting idea worthwhile of further investigation. The
main advantage is the manifest covariance with space and
time treated on an equal footing. Another advantage is
the lack of the interpretational ambiguities because the
Bohmian interpretation emerges automatically. The main
problem seems to be the locality/non-locality issue. The
approach of [11] appears to be too local, whereas the ap-
proach of the present paper allows non-localities that are
not allowed by the conventional non-covariant Schrodinger
equation. This may mean that the whole idea of quantiza-
tion based on the De Donder-Weyl formalism is wrong, or
that it has to be reformulated, or that the non-localities
absent in the conventional non-covariant quantization cor-
respond to new genuine physical effects.
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